Classical Nucleation Theory (CNT) is widely used to model nucleation processes. CNT relies on the assumption that nucleation evolves according to a Markovian Fokker-Planck equation, and that the parameters that govern the evolution of the nuclei take their thermal equilibrium values. As predictions by CNT often differ from experimental results, the second assumption has been challenged frequently in the literature, e.g. by adapting the interfacial tension to make CNT nucleation rates match experimental data. Here we take a different route: we rigorously construct a non-equilibrium theory of nucleation and growth by means of a projection operator formalism, i.e. we derive the evolution equation for the distribution of the sizes of the nuclei. We show that this equation is fundamentally different in structure from the one used in CNT, most notably because the evolution is not diffusive and the equation contains a memory term. This implies that neither CNT nor any other version of Markovian transition state theory, is in general suited to quantitatively describe nucleation. We then show by which approximations our description can be reduced to the Fokker-Planck equation of CNT. These approximations are not well-controlled and can be expected to hold only in very specific cases. Thus neither CNT, nor any other kind of Markovian transition state theory for the nucleation process, can be fixed by "correcting" parameters, such as e.g. the interfacial tension.
Nucleation phenomena encompass a large class of processes which have impact in diverse scientific fields [1, 2] . If, for instance, a metal melt is cooled to solidify, the mechanical properties of the product will depend on details of the cooling process and, in particular, on the rate at which crystallites nucleate and grow [3, 4] . Similarly, in the atmosphere liquid droplets or crystallites nucleate from supercooled water vapour [5] [6] [7] . The details of the size distribution and morphology of these aggregates have an impact on the weather.
The common feature of all nucleation processes is that a system is initialized in a metastable state and is expected to reach a qualitatively different, stable state in the long-time limit. As a simple approach to modelling the phase transformation process one might pick a relevant reaction coordinate as e.g. the size of a droplet (resp. the size of a crystallite or aggregate -we use the term droplet throughout this letter as a placeholder for any structure that is formed at a first order phase transition). The prevailent theory to describe the dynamics of such a reaction coordinate is "Classical Nucleation Theory" (CNT), which was developed in the 1930's [8] [9] [10] and still enjoys great popularity (see e.g. ref [11] [12] [13] [14] [15] [16] [17] [18] [19] ). The main idea underlying CNT, is to assume that the probability of forming a droplet of a certain size is governed by the interplay between a favourable volume term, driven by the chemical potential difference between the metastable phase and the stable phase, and an unfavourable interfacial term controlled by the interfacial tension. The competition between these opposite contributions produces a free energy barrier that can be overcome due to thermal fluctuation. These concepts are accompanied by an additional assumption: the evolution is expected to be Markovian, which allows to model the process by a memory-less Fokker-Planck equation, i.e.
where p(n, t) is the probability distribution of finding a droplet of size n at time t, D 0 is a diffusion coefficent (that might depend on n), ∆G(n) is the free energy of a droplet of size n, and β is the inverse temperature [20] . In the picture of CNT, ∆G(n) is usually written as
where v is the volume per particle in the droplet, ∆µ is the chemical potential difference between the two phases and γ is the interfacial tension of the droplet. Improved versions of CNT use different forms of D 0 (n) and ∆G(n), but most keep Markovian transition state theory (TST) at their basis. Although this picture yields good qualitative results, it fails to reproduce experimental and numerical data quantitatively, often even by many orders of magnitude [21] [22] [23] [24] [25] [26] [27] . Explanations for these discrepancies have been offered on different levels: by challenging the basic assumptions of CNT/TST, i.e. the accuracy of the Markovian approximation [28] , the validity of a Fokker-Planck description [29] [30] [31] , the choice of reaction coordinate [16, [32] [33] [34] , the infinite size of the system [35] , the fixed position of the droplet in space [36] , the simple form of the free energy profile which does not account for the structure of the droplet [37, 38] , by using dynamical density-functional-theory as a basis instead [39, 40] and, in particular, by adapting the value of the interfacial tension 1 . However, the major issue with the description by CNT is that eqn. (1) is valid only if one works with a quasi-equilibrium probability distribution p β (n), i.e.
where ρ β (Ω) is the equilibrium phase-space distribution and N (Ω) is the number of particles in the droplet formed at the point Ω in phase-space. Classical nucleation theory is constructed to work only if all the microscopic degrees of freedom of the system are distributed with equilibrium weights, which is neither the case in the initial metastable state nor during the nucleation and growth process. The assumption of equilibrated degrees of freedom is also used to justify the Markovian approximation: if the microscopic degrees of freedom are 'quasi-equilibrated' there must be a clear time-scale separation between the evolution of the size of the droplet and the microscopic time-scale. In this paper, we propose the following approach: We agree that working with free energy arguments, although they strictly only hold in equilibrium, can be more convenient than using a less intuitive, nonequilibrium theory. However, we propose to use equilibrium arguments only for the physical input parameters (such as the interfacial tension and the supersaturation), while for the equation of motion we derive a generalized Fokker-Planck equation that is expected to be correct also in any out-of-equilibrium situation. In order to do this, we apply the projection operator formalism as derived by Grabert [41] , based on the work of Zwanzig [42] , to the nucleation problem.
Projection operator techniques are usually applied to derive Generalized Langevin Equations for a set of dynamical variables. They are based on the definition of a projection operator that distinguishes between a main contribution, the so-called drift term, from a marginal one. The choice of the projection operator can be adapted in order for the drift term to be tuned to the problem under study. Grabert has shown how to use these techniques instead in order to derive an equation of motion for the probability density p(α, t) of a dynamical variable A, i.e. the probability for the variable A to be equal to α at time t [41] . Here, the idea is to define a projection operator that makes use of an equilibrium phase-space measure in order to be able to use 'quasi-equilibrium' notions, though still describing a full non-equilibrium process, and thus to reach a mathematically accurate Fokker-Planck-like description that uses equilibrium parameters as input. We recall the main steps:
We define functions ψ α that act on states Ω as
These functions can be treated as dynamical variables and thus we can apply projection operator techniques. The following projection operator is then defined :
where X is an arbitrary dynamical variable, and
is the equilibrium probability density corresponding to the dynamical variable A. It is easily verified that P 2 = P , i.e. P is a projection operator. Now we would like to obtain an equation of motion for ψ α (t), the average of which is the out-of-equilibrium time-dependent probability distribution p(α, t) of A, namely
where ρ(Ω, t) is the out-of-equilibrium phase-space distribution. Most of the steps that lead to this equation of motion consist in mathematical transformations relying on the identity iLψ α (Ω) = −ψ α iLA(Ω), where iL is the Liouvillian operator, and on the fact that ρ β is the equilibrium phase-space distribution, which implies iLρ β = 0 (for details see ref. [41] ). The resulting equation of motion is
where
This equation is valid only if the initial phase-space density ρ(0, Ω) is a so-called 'relevant density', i.e. it is fully determined by the probability distribution p α (0). We will now use this general structure and apply it to the problem of nucleation.
As the observable to project on we choose the number of particles in a nucleating droplet. Hence we change the notation from A and α to N and n, respectively. We then simplify the equations using the following arguments: Since our observable depends only on the positions of the particles (and not their momenta), one can easily show that all functions w The second step is to define the functional form for p β (n). In general, at equilibrium a quantity ∆G(n) can be defined such that p β (n) ∝ e −β∆G(n) , and ∆G(n) can be interpreted as a "free energy landscape" in n. In particular, this free energy can be taken to be the one traditionally used in CNT. Note that this does not imply that we make any of the assumptions of CNT, we still discuss the full non-equilibrium problem, but we cast it in terms that will allow for a direct comparison with CNT.
Finally, we use the defintion of D(n, n ′ , t) and R n (t, Ω) combined with the identity iLψ n = − ∂ψn ∂n iLN , in order to remove the non-locality in n of eqn. (8) . To do this, we expand the phase-space function R n (t, Ω) defined in eqn. (11) , and notice that we can cast it into the following structure
A series of simple mathematical tricks (shown in the supplemental material) are then used to show
where the functions d k (n, n ′ , t) are defined by eqn. ?? in the supplemental material. We will then setd k (n, t) := d k (n, n, t), the Taylor expansion of which can be expressed in terms of the functions w (i1,··· ,ip) β (n). This expansion serves to transform the non-locality in n into a sum of contributions of all the derivatives of p(n, t) with respect to n.
After transforming eqn. (8) using these observations, we obtain the central results of this letter, the equation of motion of the size distribution of the nuclei
The structure of eqn. (14) differs from the FokkerPlanck equation in two major points: the non-locality in time and the sum involving an infinite number of effective diffusion constantsd k . The impact of these terms on the evolution of p(n, t) will, in general, be nonnegligible, i.e. nucleation processes are not Markovian. We note, in particular:
• The impact of the term of order k of eq. (14) on the distribution p(n, t) can be understood as follows. By multiplying eqn. (14) by n p , p ∈ N, integrating over n and using an integration by parts, it is easy to show that any coefficientd k (n, t) has an impact on the moments of order p ≥ k. Thus, as k grows, d k (n, t) quantifies the discrepancies from a purely diffusive process.
• The extended memory in eqn. (14) implies that notions such as the "critical nucleus" and the "nucleation rate" are not straight-forward to define (and probably not even useful). We presume that this circumstance is the reason for the commonly observed discrepancies between experimentally determined nucleation rates and CNT predictions.
• Several authors of nucleation studies have observed non-Markovian effects and have drawn the conclusion that their choice of reaction coordinate had been inappropriate [16, 28, [32] [33] [34] 43] . This is conclusion is not strictly neccessary. While different choices of the reaction coordinate lead to different forms of ∆G(n) andd k (n, t), the structure of eqn. (14) remains, in general, non-Markovian. There is no reason to assume that there exists a reaction coordinate for nucleation processes for which the memory effects vanish.
We now discuss how to recover the Fokker-Planck equation of CNT eqn. (1) from eqn. (14) . One needs to setd
Both assumptions are a priori uncontrolled and for each specific experimental system a careful analysis will be necessary to assess their validity. We can, however, discuss some general estimates. The first assumption deals with the time-extent of the functiond 0 (n, t), for which we can obtain an estimate by using its Taylor expansion. We can show
As defined in eqn. (9), w
2p+1 N in the subspace where N (Ω) = n. By expanding the Liouvillian operator, and using the fact that only particles at the surface of the droplet contribute in the change of N , we can estimatẽ
where 2/3 ≤ ν ≤ 1 is the fractal dimension of the droplet, and λ 0 (t) is a single-particle contribution. A natural measure of the memory of the process is the
, which has to be much larger than 1 if the process is Markovian. By expanding the Liouvillian operator and using some additional estimates based on the free energy of CNT, eqn. (2), we obtain
where σ is the size of a particle, z is the coordination number of particles at the surface of the droplet and C 1,2,3 are constants of the order unity, which we obtained from the exact computation of the averages contained in the functions w (i1,··· ,ip) β (this is possible by means of computer algebra but too lengthy to show here explicitly). In conclusion, we see that the surface tension (which controls the shape of the droplet and thus the coordination number as well as the fractal dimension ν) is, to a first approximation, the quantity that controls the memory effects arising fromd 0 (n, t), and that a Markovian approximation can, in general, not be justified.
The second approximation eqn. (16) used in CNT is also rather uncontrolled. In particular, we can write eq. (14) as a non-Markovian Kramers-Moyal expansion [44] ∂p(n, t) ∂t
where the coefficients D (k) are identified as
and
for k ≥ 2. In the Markovian case, Pawula's theorem would apply and we could truncate at order k = 2 if at least one even coefficient D (2k) vanished. Irrespective of whether this condition also applies here, at least the (k = 1)-term needs to be taken into account, which yields a term additional to CNT on the r.h.s. of eqn. (20)
Regarding the time-behaviour ofd 1 (n, t), we can show at first orders
By a similar analysis as discussed for eqn. (18) we find the leading order in n to bẽ
and similarly, the measure η 1 of the extend of the memory associated to this function, as defined in eqn. (19), is also mainly controled by surface tension. This effect can in principle be observed at any order k and we thus conclude that memory effects are mainly controled by surface tension. Given that a single, time-independent nucleation rate is not the most suitable concept to describe the dynamics of p(n, t), experimentalists might be interested in more useful observables. The coefficients in eqn. (14) could be assessed e.g. by dynamic light-scattering [45] [46] [47] [48] using a straight-forward procedure:
The equation of motion for p(n, t), eqn. (20) , written in terms of a non-local Kramers-Moyal expansion is used to derive an equation of motion for the moment of order p ∈ N, reading :
which can be easily Laplace-transformed using the convolution theorem. Also, any coefficientd k (n, t) can be written asd
where f k can be computed formally by expanding the Liouvillian operator, e.g. f (0) = ν and f (1) = 2ν − 1. Hence, we can write
From this follows the induction algorithm:
1. (a) Measure p(n, t) and n(t) , take their Laplace-transforms.
(b) Insert (28) into (26) where· stands for Laplace-transform and s is the variable associated to it. Such a procedure can be in principle implemented until any arbitrary order and therefore be used to assess the validity of a simple Fokker-Planck description.
In this letter we have presented a derivation of an equation of motion for the time-dependent probability density of the sizes of the nuclei that form at a first order phase transition. This equation contains a non-trivial memory kernel, which implies that quasi-equilibrium notions such as the "nucleation barrier" or the "size of the critical nucleus" are not adequate to describe the nucleation problem. Further, we showed by which approximations the Fokker-Planck equation of classical nucleation theory can be recovered, and that these approximations are, in general, not well-controled. Based on a rough estimate of the leadings terms in the memory kernel, we conclude that systems with small interfacial tensions show strong memory effects. Finally we presented a scheme, by which dynamic scattering data from experiments (or similar information from computer simulation) can be used to determine the generalized diffusion coefficients of the nucleation process.
This proves the structure of eq. (??) and that the generalized diffusion constantsd k (α, t) = d(α, α ′ , t) have their first k−1 initial time-derivatives vanishing at t = 0.
